VUGRAPH 1
In recent years, many improvements were made on the PE technique with respect to approximation, implementation, and application. Let us begin this discussion by a brief review of how the parabolic wave equation was derived by Tappert. %
Consider the two-dimensional Helmholtz equation in cylindrical
coordinates, that is, 2 2 0 + iA +a4 -','-o%. .
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The PE approximation begins with the expression 6(r,.z) u(r,z) v(r),
.I
where v(r) is strongly dependent on the range variable r while u(r,z) is weakly dependent on r. r r] +j [* L rr + G.
Set the first term of Eq. (3) in brackets equal to -k v and the second .
term in brackets equal to k 2 u, we obtain two equations: I would like to take another approach to Eq. (8), which you will find useful in observing some important physical properties.
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.,
Oui.way ou9tgo wave:
Note gec that Eqsern efct. 
We refer to this as the small angle approximation. Substituting Eq. (11) into Eq. (10), we obtain the standard PE, that is, ,
The derivation is left for the audience. It is important to note that at this point the standard PE, based on the PE approximation, obeys the following limitations: LIMITATIONS 1. Farfield Approximation, kor 0, 1.
n(rz)
Slowly Varying in r.
3.
One-Way Outgoing Wave.
4. No Scattering.
5.
A Particular Square-Root Approximation.
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Within these limitations, the standard PE is a very good mathematical model for long range, low frequency propagation. 
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Since 1914, the interest in the PE was on the rise, but little was done. However, there were a number of notable contributions.
The first practical results of applying the PE were published by C. W. Spofford.
5 Then a few papers 6-12 were published in relation to the normal mode method and its application. These are - Interest was also increasing in the application of the PE to solve real problems. The PE models in various laboratories were all based on the use-_6 .:W use of the split-step Fourier algorithm with an artificial bottom treatment. Main-
. . This bottom boundary treatment was incorporated into the ODE and finite difference models. At that time, we did not have a better implementation of the ODE solution, but we concentrated our efforts onI developing a very basic, general purpose finite-difference scheme, which could be implemented into computer code.
This scheme is known today as where we made the approximation
to obtain the standard PE
~i 
1))
-" u ko + -1 (14) which is the Wide Angle Wave Equation. •~~ ~ 1Z --I---
Weted o efrJo it Cas bth WroideAtingl PCbu ina ens.tissactaly.efrr ng, oate peudpril ifrnta qation (14) .
-. Greene used the term "rational parabolic' as opposed to "parabolic.' He also applied the rational function approximation to the square-root operator. This rational function approximate technique was applied earlier by 25 
Claerbout. 2
A number of other people also examined and developed the wide angle capability. At NUSC, we incorporated this into our IF9 code and a comprehensive report was published. 24 In the seismology field, Berkhout used the continued fraction to approximate the square root operator. Up to this point, it seems that there is enough PE capability for research studies as well as for applications. Three types of PE models exist. 
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Among these three models, IFO is the more general purpose. The ODE solution has great potential, but is not yet fully developed. Applications of the PE model indicates that it is doing well as a research code, 
VUGRAPH 31
It is interesting to note that L. Naheim-Phu and Taopert 3 6 developed a PE box that can be put on shipboard for fast prediction.
.
'%'
A High-speed. Besides the book published by the Pergamon Press, there was a technical document outlining the progress in the development and application of the PE. Since both matrices A and B are tridiagonal, a special recursive formula is applied to solve the system at minimal cost. Not counting the overhead, the tridiagonal solver requires 6N operations. The solution looks so simple and economical that it does not seem to require intensive computations even for long range propagation problems. However, this is not generally true. Let us recall our earlier solution to the wedge problem of a rigid bottom boundary condition. Our early solution to this problem was applying the Generalized 
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The parabolic wave equation can be solved by a first order Generalized Adams method. Since Matrix A increases dimension at every range step, eAh has to be updated at every range increment. It costs N 3 operations for the inversion % 2 and cost N memory storages because we calculate the matrix exponential by the rational Pade approximation, which requires the inversion of an NxN matrix. Even though the Matrix A is tridiagonal, the inverse destroys the tridiagonal property and fills up the storage. You can see the cost. By a careful study, for a reasonable choice of the step size, we can calculate the new wave field by avoiding this expensive matrix exponential calculation and solving a system of equations.
This system is again tridiagonal, we reduce N 3 operations to 6N
operations; moreover, we reduce a N 2 memory storage requirement to only 3N storages. By coincidence, this problem can also be solved nicely by the IFO. Now, one can again, by taking advantage of using hardware, improve the a-. efficiency of the computation. You shall hear this from other talks. TO 7247
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